CURVATURE FLOW OF COMPLETE CONVEX 
HYPERSURFACES IN HYPERBOLIC SPACE 



LING XIAO 



Abstract. We investigate the existence, convergence and uniqueness of mod- 
ified general curvature flow (MGCF) of convex hypersurfaces in hyperbolic 
space with a prescribed asymptotic boundary. 



1. Introduction 

In this paper, we continue our study of modified curvature flow problems in hy- 
perbolic space. Consider a complete (locally strictly) convex hypersurface in H"+^ 
with a prescribed asymptotic boundary T at infinity, whose principal curvature is 
greater than a (e.g in our earlier work [LXlOj section 8 we gave an example of such 
"good" initial surfaces.) and is given by an embedding X(0) : ft EI"+^, where 

C 3ocIElI"+^. Wc consider the evolution of such embedding to produce a family of 
embeddings X : £7 x [0,T) ^ EI"+^ satisfying the following equations 

' X = (/(Ai[S(t)]) - a)uH (x, t)enx [0, T), 

(1.1) <x(o) = i]o (x,t) e ar2 X {0}, 

x = r {x,t)ednx[o,T), 

where K[E(t)] = (^i,- ■ ■ denotes the hyperbolic principal curvatures of S(t), 
a G (0, 1) is a constant and i^h denotes the outward unit normal of I](t) with respect 
to the hyperbolic metric. 

In this paper, we shall use the half-space model, 

H"+i = {(.T,.T„+i) e R"+i : xn+i > 0} 

equipped with the hyperbolic metric 

(1.2) ds^ . ^^5^- 

One identifies the hyperplane {xn+i = 0} = M" x {0} C M"+i as infinity of M"+\ 
denoted by (?ooEI"+^. For convenience we say S has compact asymptotic boundary 
if 9S C 9ooIHI"+^ is compact with respect to the Euclidean metric in M". 

The function / is assumed to satisfy the following fundamental structure condi- 
tions: 

(1.3) MX) = ^ffl > in i^, l<t<n, 

o\. 
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(1.4) / is a concave function in K, 
and 

(1.5) / > in iC, / = on dK, 

where K C M" is an open symmetric convex cone defined as following 

(1.6) K K+ {A e R" : each component > 0}. 
In addition, we shall assume that / is normalized 

(1-7) /(1,...,1) = 1 

and satisfies more technical assumptions 

(1.8) /is homogeneous of degree one. 
Moreover, 

(1.9) lim /(Ai, • • • , A„_i, A„ + i?) > 1 + eo uniformly in ^^^(l) 

for some fixed eq > and 5q > 0, where ^^^(l) is the ball of radius 6o centered at 
1==(1,--- ,1) £ R". 

As shown in [GSlOj . an example of the function satisfies all assumptions above 
is given by / = (iJ„/i?i) < I < n, defined in K, where Hi is the normalized 
I — th elementary symmetric polynomial, (e.g., = 1, Hi = H, Hn = K the 
extrinsic Gauss curvature.) 

Since / is symmetric, by (|1.4|) . (|1.7I) and (|1.8I) we have 

(1.10) /(A) < /(I) + ^ /.(1)(A, -l) = Y. = ^ E ^» ^ 
and 

(1.11) /*(^) = + E - ^ /(I) = 1 in ^r. 

In this paper, we always assume the initial surfaces Sq to be connected and 
orientable, and S(<) = {X := {x,u{x,t)) \ {x,t) € ^ x [0,T), x„+i = u{x,t)} to 
be the flow surfaces with X = {x,u{x,t)) satisfying the flow equation (jl.ip . If S 
is a complete hypersurface in H"+^ with compact asymptotic boundary at infinity, 
then the normal vector field of E is always chosen to be the one pointing to the 
unique unbounded region in /T,, and both Euclidean and hyperbolic principal 
curvature of E are calculated with respect to this normal vector field. 

We shall take F = where C K" is a smooth domain and seek a family 
of hypcrsurfaces S(t) as a graph of function u(x,t) with boundary T. Then the 
coordinate vector fields and upper unit normal are given by 

Xi = ej + UiCn+l, vh =uv = u , 



where through out this paper, w = -^/l + |Vup and en+i is the unit vector in the 
positive Xn+i direction in R"+^. 
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Note that by equation ()l.ip 



X, i^if ) = f 

H 



which is equivalent to 



H 

from here we can derive that the height function u satisfies equation 

(1.12) ut^{f-(j)uw. 

So problem (jl.ip then reduces to the Dirichlet problem for a fully nonlinear 
second order parabolic equation 

' ut = uw{f ~ cr) on ri X [0, T) , 

(1.13) }u{x,0)^uo onr2x{0}, 

, u{x,t) = ondnx [0,T). 

In this paper, we shall focus on proving the long time existence of the modified 
general curvature flow (MGCF) of complete embeded hypersurfaces with initial 
surface whose principal curvature greater than a everywhere; furthermore, we shall 
also prove the uniqueness under additional assumptions. 

To begin with, I'd like to state the following beautiful result of |GSZ09| 

Theorem 1.1. Let Y. be a complete locally strictly convex hypersurface in ]HI"+^ 
with compact asymptotic boundary at infinity. Then S is the vertical graph of a 
function u G C^(r2) H C°(ri), u > in and u ^ on dil, for some domain 
^] C M" : 

S ^ {{x,u) e M^+^ -.xefi} 

such that 

(1.14) {Sij + UiUj + uuij} > in n. 
That is, the function it^ + |xp is strictly convex. 

According to Theorem ll.li our assumption that I](t) is a graph is completely 
general and the asymptotic boundary F must be the boundary of some bounded 
domain fl in R". 

We seek solution of equation (|1.13p satisfying (|1.14p for all t e [0,T). (We will 
see in section [5] that when the initial surface of the MGCF under certain restriction 
then the solution of (|1.13p must satisfy (|1.14p .) Following the literature we call 
such solutions admissible. By |CNS85| condition (11.31) implies that equation (|1.13p 
is parabolic for admissible solutions. 

The main result of this paper may be stated as follows. 

Theorem 1.2. Let T = dil x {0} C M"+^ where fl is a bounded smooth domain in 
M". Suppose that a E (0, 1) and that f satisfies conditions Ji.3|] - fITff|] with K — . 
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Furthermore, let So = {{x,uq{x)) \ uq <S C°°{il) D C^^^{fl)} be a complete locally 
strictly convex hypersurface with 9So — T and /(k[Eo]) greater than a, then there 
exists a solution T,{t), t e [0, cxj), to the MGCF with uniformly bounded 

principal curvatures 

(1.15) |K[S(t)]|<C on^{t), for allte [0,oo). 

Moreover, T,{t) = {{x,u{x,t)) \ {x,t) G x [0, oo)} is the flow surfaces of an 
admissible solution u{x,t) S C°°{^1 x (0,oo)) fl Wp'^{Q x [0, oo)) of the Dirichlet 
problem U.13\) . where p > 4. Furthermore, for any fixed t > 0, we have u'^{x,t) € 

c°°{n)nc^+\Ti) and 

(1.16) u\D^u\ <C mfl. 



(1.17) y/l + \Du\^ <C inn, 
where C is some constant independent oft. In addition, if 

(1.18) E > E n {0 < / < 1}, 

then as t ^ oo, u{t) converges uniformly to a function u £ C°°(r2) H C^(f2), such 
that = {{x,u) E R"+^,x e fl} is a unique complete locally strictly convex 
surface satisfies /(^[Soo]) — a in EI"+^. 

Due to the degeneracy of equation (|1.13p when it = 0, it is very natural to 
consider the approximate modified general curvature flow (AMGCF) problem. 
Instead of u = on dft one assumes w = e on dft, e is small enough. So the 
equations become, 

' ut = uw{f - a) onl7x[0,r), 

(1.19) }u{x,0)^u'q onl7x{0}, 

, u{x,t) = e on dnx [0,T). 

where Uq = uq + e and Sq = {(^^j'^^o)!^ ^ ^} satisfies /(k[I]q]) > ct, Vx G fi. 

Theorem 1.3. Let D, be a bounded smooth domain in M" and o G (0, 1). Suppose 
f satisfies li. j]) - l77P|) wit/i i^T = i^^^. T/ieri for any e > sufficiently small, there 
exists an admissible solution w*^ G C°°{Q x (0, oo)) of the Dirichlet Problem hl.l9\) . 
Moreover, u'^ satisfies the a priori estimates 

(1.20) a/1 + \Du^\^ < - + Ce, w'^lL'^u'l < C on 90 X [0,oo), 

(T 

and 

(1.21) w'^lD^y^i < (-(^^g) X [0,oo). 
/n particular, C(t, e) depends exponentially on time t. 

Remark 1.4. The a priori estimates (|1.20p will be proved in section |6] and [7l while 
estimate (|1.2ip can be proved by combining Lemma 18.21 and equation ()8.12p then 
use standard maximum principle for parabolic equation. 
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The main technical difScuhy in proving Theorem 11.21 is that we can not use 
the estimates ()1.2ip to pass to the hmit. We overcome this difBcuhy by proving a 
maximum principle for the largest hyperbolic principal curvature. 

Theorem 1.5. Let be a bounded smooth domain in M" and a G (0, 1). Suppose 
f satisfies U.3\) - n~3\) with K = K^. Then for any admissible solution u'^ of the 
Dirichlet problem M.19]) . 

(1.22) u'\D'^u''\<C{l+ max u^\D'^u^\) inny.[Q,oo), 

aox [o,oo) 

where C is independent of e and t. 

By applying Theorem [13] to Theorem 11.31 one can see that the hyperbolic cur- 
vatures of the admissible solution u*^ are uniformly bounded from above. Later we 
will also show that, if our initial surface satisfies /(k[I]o]) > u then f > cr during 
the flow process. In particular, 

Theorem 1.6. Suppose f satisfies M.3\) - lL^I with K = , and u'^{x,t) is an 
admissible solution of the Dirichlet problem U.19\) . and in addition 

(1.23) /(K[I]^])>a. 
Then we have 

(1.24) /(kP(<)]) >(7 V< e [0,T). 

Thus one can conclude that the hyperbolic curvatures admit a uniform positive 
lower bound, so by the interior estimates of Evans and Krylov, we obtain a uniform 
C^'" estimates for any compact subdomain of ft. Then the proof of Theorem 11.21 
becomes routine. 

The paper is organized as follows. In section[2]we establish some basic identities 
for hypersurfaces in H"+^. In section [3] we prove the short time existence of the 
Dirichlet problem for AMGCF. Section |4] contains some essential identities and 
evolution equations which will be used later. The preserving of convexity will be 
proved in section [5] Section |6] contains a global gradient estimate, while in sections 
[7] and [8] we prove the boundary and global estimates for the second derivative of u 
respectively. Finally in sectionslQland fTOl we discuss the convergence and uniqueness 
of the MGCF. 

2. Formulas for hyperbolic principal curvatures 

2.1. Formulas on hypersurfaces. We will compare the induced hyperbolic and 
Euclidean metrics and derive some basic identities on a hypersurface. 

Let E be a hypersurface in IHI"+^. We shall use g, and V to denote the induced 
hyperbolic metric and Levi-Civita connections on E, respectively. Since E also 
can be viewed as a submanifold of IR"+^, we shall usually distinguish a geodesic 
quantity with respect to Euclidean metric by adding a 'tilde' over the corresponding 
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hyperbolic quantity. For instance, g denotes the induced metric on S from E"+^, 
and V is its Levi-Civita connection. 

Let (zi, • • • , 2„) be local coordinates and 

n = i^l,--- ,n. 

The hyperbolic and Euclidean metrics of S are given by 

(2.1) g^;j = {n, Tj)^ , g^j = n ■ Tj = U^g^j, 
while the second fundamental forms are 

(2.2) ~- ~ ~ 
hij ~ V ■ D^Tj ~ —Tj ■ DnV, 

where D and D denote the Levi-Civita connection of H"+^ and R"+^, respectively. 
The following relations are well known (see cquation(1.5),(1.6) of |GS08| ): 

(2.3) % = -hij + —^gij- 

(2.4) = + i = 

where v'^+^ = v ■ e„+i = ^. 

The Christoffel symbols are related by formula 

1 
u 

It follows that for v G C'^iY.) 

(2.6) VijW = Vij - TijVk = VijW + ^{uiVj + UjU^ - g'^'' UkVig^j) 

where and in the sequel (if no additional explanation) 

dv d^v 



(2.5) - - ^(«,4, + u,5,k - -g^'ufg,,). 



dxi ' dxidxj 



, etc. 



In particular, 

(2.7) VyU = Vy ti H — ^ - -g^'ukUig^j. 

Moreover in M"+\ 

(2.8) g'^'ukui = |Vu|2 ^ 1 - (^."+1)2 



(2.9) V^jU = h 



,11+1 



We note that all formulas above still hold for general local frame ri , • • • , r„ . In 
particular, if ri, • • • , r„ are orthonormal in the hyperbolic metric, then gij = 5ij 
and gij = v?5ij. 

We now consider equation p.ip on E. For if as in section 1, let A be the vector 
space of 71 X n matrices and 

AK = {A^{a,j}(^A:\{A)(^K}, 
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where X{A) = (Ai,--- ,A„) denotes the eigenvalues of A. Let F be the function 
defined by 

(2.10) F(A) = /(A(A)), AeAK 
and denote 

(2.11) F^J(^A) = -^iA), F^'^^\A)= " {A). 

Since F{A) depends only on the eigenvalues of A, if A is symmetric then so is the 
matrix {F'^(A)} . Moreover, 

F'^{A)=fAj 

when A is diagonal, and 

(2.12) F^'{A)a,, = MMA))X^ - FiA), 

(2.13) F^^A)a,ka,k = ^ /^(^(^))^'- 

Equation (ITTTS)) can therefore be rewritten in a local frame ti , • • • , r„ in the form 

{ut = uw{F{Am) - a) {x, t) e 17 X [0, T), 
u(x-,0)=uo {x,t) enx {0}, 

u{x,t)^0 {x,t) ednx[0,T), 

where = . let i^*^' = F'^ (A[I]]) , i^^^'^*^' = F'^'''^ (A[S]) . 

2.2. Vertical graphs. Suppose S is locally represented as the graph of a function 
w e C^(f2), w > 0, in a domain O C M" : 

E = {(x,w(x)) e M"+i : X e O}. 

In this case we take i> to be the upward (Euclidean) unit normal vector field to S : 

F>U 1 \ , r— — TTT 

w = Vl + |Dm|2. 
1 fo 



W W 

The Euclidean metric and second fundamental form of S are given respectively by 



and 



h 

W 



According to }CNS86| . the Euclidean principal curvature k[E] arc the eigenvalues 
of symmetric matrix A[u\ = [aij] : 

(2.15) a,, -^^'^uul'' , 

w 

where 

ry^J - S 

^ ^ w{l + w)- 
Note that the matrix {7'-'} is invertible with the inverse 



1 + w 
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which is the square root of {gij}, i.e., jikjkj = Qij- From ()2.4p we see that the 
hyperboUc principal curvatures k\u] of S are eigenvalues of the matrix A[u] = 



(2.16) a,, 
When S is a vertical graph we can also define F(A[I]]) 

3. Short time existence 



F{A[v 



In order to prove a global existence for the Dirichlct problem (|1.19p , first of all, 
we need start with short time existence. 

We state a more general result of short time existence. 

Theorem 3.1. Let G{D^u,Du,u) be a nonlinear operator, which is smooth with 
respect to u, Du and D^u. Suppose that G is defined for function u belonging to an 
open set A C C^(ri) and G is elliptic for any u G A, i.e., G*^ > 0. Then the initial 
value problem 

{ut^G{D^u,Du,u) onnx[0,T), 
u{x,0)=uo onnx{0}, 
u{x, t) = uolao on dVl x [0, T), 

has a unique solution u for T = e > small enough. Furthermore, u is smooth 
except for the corner, when uq € A is of class G°°{Q). 

Proof. Here we will apply the inverse function theorem to prove the local existence 
of equation p.ip . Following the idea of |C89] Section 3 (also |G06j Chapter 2). 

(i) Let -u be a solution of the linear parabolic problem 

{u — Au = G{D^Uf), Duq, uo) — Auq , 
u(x,0) =uo, 
u\dnx[o,T) = uo\dn ■ 

By standard parabolic PDE theory (see |H75j part IV pg.ll7 and |C89| theorem 
3.1), we know that there exists a unique solution u V C Vc, where V = Wp'^{il x 
[0,r],R)nC-(l7x (0,T)), K = %''^(r!x [0,T],M)nC°°(f7x [c,T])|]o<c<r, 
T > is small enough so that u{-,t) e A for any < t < T, in addition, A < p < oo. 

(ii) Now let's define 

f ^u-G{D^u,Du,u). 
It's easy to see that / g LP{il x [0,T],R), moreover there holds 
(3.3) f{x,0)=0,x€n. 



Wp' is tlie space of function / such that the norms 



\\lp + 



Lp 



E 



df 



Lp 



E 



dxidxj 



Lp 



arc finite. 
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(iii) Now consider the nonlinear operator $ 

= {ii- G{D'^u,Du,u),u\Q^[f^y,u |anx[o,T]) 

with image in 

W^LP{nx [0,r],M) X T^p^.i (^^R) X B^-^/P^^-^/^P {dfl X [0,T],M). 

@ It's clear that $ is well defined in a neighborhood of u e y C T4. Moreover, 
(f> is continuously differentiable and its derivative evaluated at u, equals the 
operator: 

£?7 (r) - G'^{u)i]ij - G'{u)7]i - G"(u)?7, ?/bx{o}, '7l9nx[o,T]) 

for any r] £ Vc, and Pri o £ represents a uniformly parabolic linear operator with 
coefficients in {^l x [0,T],R) . Applying the inverse function theorem, we deduce 
that $ restricted to a small ball Bp{u) C C Vc is a C^-diffeomorphism onto an 
open neighborhood U{f ,uq,uq\qq) C W. Now let 



(3.4) r^S) = 



Define /e = /yye, since lim 



0, < t < e, 

1, 2e<t<T. 



= 0, when e small enough we have 

LP(nx[O.T]) 



{fe,uo,uo\on) e U{f,uo,uo\an)- 
Thus for < i < e there exists u e Bp{u) C V solves the initial value problem 

(iv) It remains to prove the uniqueness of the solution of equation (|3.ip . If not, let 
u and u be two solutions in V. We only need to show that when < t < 5, < 6 < e, 
u and u agree. The final result, that u and u agree on the whole interval [0, e] follows 
by repeating the argument. 

If < (5 is sufficiently small then the convex combination satisfies 

(3.5) Ur = Tu + {l~ t)u e A, V(i, r) e [0, S] x [0, 1], 



^_Bp l/P'l jg ^j^g space of functions f such that the norms 

,2-l/p,l-l/2p = ll/liLp ' Etlr/._ ,\ , . MID 



1/p 



arc finite. 
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hence we deduce 

= u-u- G{D'^u, Du, u) + G{D'^u, Du, u) 

d 



(3.6) 



/ — \ut ^ G(D'^Ur, DUt-,Ut-)\ 

Jo dr 



= (u — u)t — a*-' {u — u)ij — b^u — u)i — c{u — u) 

where a'-' is positive definite. Since w|nx{o} = ""loxlo} and u|anx[o,r) = u|anx[o,T), 
the result m = w in [0, S\ then follows from the parabolic maximum principle. ( |L96| 
Theorem 14.1, pg363) □ 

4. Evolution equations for some geometric quantities 

In this section, we will compute the evolution equations for some afhne geometric 
quantities. Before we start, need to point out that in this section for v £ C^(I]), 
we denote Vi ~ ViU, Vij — Vijv, etc. 

Lemma 4.1. (Evolution of the metrics). The metric gij and gij of T,{t) satisfies 
the evolution equations 



(4.1) = -2u^^g,j{F - a)w - 2u^\F - cr)/iy , 
and 

(4.2) ^ -2{F -a)uh,j. 



Proof. Since gij = Ti ■ Tj , 



= 2 (^DrAiF - (t)uv],Tj 
= 2{F - a)u(^DrM,Tj 
= -2{F ~ a)uh,j. 
Differentiating equation p.ip with respect to t we get 



—gij = -2u gijUt + u gij 

= —2u~^gij{F — a)uvu — 2u^^(F — a)uhij 



-2u^^gij{F - a)w - 2u^^{F - a)hij. 

□ 



Lemma 4.2. (Evolution of the normal). The normal vector evolves according to 

(4.3) z> = -g'^'[(F-a)u],r,, 
moreover, 

(4.4) = -~g''[{F-a)u],u,. 
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Proof. Since v is the unit normal vector of S, we have v € T(T,). Furthermore, 
differentiating 

with respect to t we deduce 

= - {v, [{F - a)u],u) 
= -[(F-a)u]„ 

so we have 

Thus (|4.4p follows directly from 

= (i/, e„+i) and Uj = Tj ■ e„+i. 

□ 

Lemma 4.3. (Evolution of the second fundamental form) . The second fundamental 
form evolves according to 

(4.5) h\ = [{F~cj)u]\+u{F-a)hfhi, 

(4.6) hj = [{F ~ (7)u]y - u{F - a)hfhkj, 
and 

= -{[{F - a)u],, - u{F - a)hfhk.j} - ^w{F - a) 
(4-7) " " 

- {^HF - cr)],uif-^ - 2 ^^'^^^" - 2^{F - a). 

u u u 

Proof. Differentiating (|4.3p with respect to we get 

^^^^ - -g''\{F ~ a)u]k^Tl - -g'^'liF - G)u]kbrjl. 
On the other hand, in view of the Wcingartcn Equation 

= -g'^^huTk ^ i>j = -h'lTk ~ h'lbr^X, 
where = g^^hu is mixed tensor, multiply by Tj we get 

-h'y-gk, - {Dr,X,T,) = -g'^'[(F - a)u]k,gi,. 

Therefore 

h-~9kj = g'^'HF - a)u]Mgij - ^uiF - a) l^br,v,Tj^ 
= [{F ~ a)u],j + u{F - a)hfhkj- 
Multiplying the resulting equation with g^' 
(4.8) U^[{F-a)u]\ + u{F-a)hfhl 
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'Jr. 



Moreover, since hij = h^gij, differentiating it with respect to t and use equation 
get 



h,] = h\gij + h\gij 

= [{F - a)u]\~gi, + u{F - a)hfhi~gi, + /i,l[-2(F - a)uhiA 
= [{F - a)u],, - u[F - a)hfhkr 
Finally by differentiating equation (j2.3|) with respect to t, we have 

ot u U'^ U'^ u-^ 

= -{[{F - a)u],, ~ u{F - <j)hfhk,} - ^w{F ~ a) 
u u 

(4.9) + ^{^g'^l[u{F - + -^[-2{F - a)uh,,] - 2'^^uwiF ~ a) 

w' 



-{[{F - a)ul, - u[F - a)^hj} ~ ^w{F - a) 



u 



□ 



Lemma 4.4. (Evolution of F) The term F evolves according to the equation 

F, = uF^^ [{F o)v)^ + {F-o) f,nl 2v^^+'F + {u^+^f ^ /. 
(4.10) , , L 

+ w{F -a)(F- fA - [{F - a)u],u' ^ 



Proof. We consider F with respect to the mixed tensor hi . By equation (|4.4p and 
31) we have 



Ft = F^^(/i^)t = F'^ (uhl + 



MF*J'[(i^ - a)u]{ + u^{F - a)F'^hfhi 



(4.11) + uwiF - a)F'^y, - [{F ~ a)u],u' ^ /, 

= uF^=[{F - a)«]^" + {F- a){Y, f^nl 2,.-+'F + (^."+1)^ /,} 
+ wiF ~a){F- ^."+1 ^ /,) - [{F - a)u],u^ ^ 

□ 

5. Preserving convexity 

Let u be an admissible solution of (|1.19p on the domain x [0, T). In this section, 
we are going to prove that if the initial surface is convex, then during the evolution, 
the graph E(t) — {x,u{x,t)) stays convex for t € [0,T). For convenient, from 
now on we always choose ti, • • • , t„ to be orthonormal in hyperbolic metrics, i.e., 
gij = 5ij and gij — u^5ij. 
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Lemma 5.1. // the initial surface Sq is convex, then for any t G [0,1"), the flow sur- 
face T,{t) stays convex, what's more, iff{T,o) > a, then f{Y,{t)) > a, {x,t) £ i7 x (0,r). 



Proof. Combining equation ()2.6|) and Lemma 14.41 we have 
dF 

(5.1) 

Now consider function F = e~^^{F — cr), where A > to be determined later. By 
equation (|5.ip we know that F satisfies 



(5.2) 



dF 



F f^nl ^.-+'F + (^."+1)2 Y^f,+wF-2Y^ 



A 



ff -F achieves its negative minimum at an interior point (a;o,to) G = x (OiT), 
then at this point we would have 



A 



By choosing A > maxox[o,T-] \fsnl - i^^+^F + (i/"+i)2 ^ /, + u;F - 2 ^ /,| , where 
Q <to <T* <T, leads to a contradiction. 

Now under the hypothesis /(So) > f, assume there exists a to G (0,r) such 
that at (a;o,to) G x (0, T) F = cr. Let F" = e-^*(F - cr - e), where < e < 
inf^gj^{/(^o(a^)) — c}- Then F' would obtain its negative minimum at an interior 
point while F'^(So) > leads to a contradiction. □ 

Similarly we have 

Corollary 5.2. LetYi{t) = {(x, w(x, t)), (a;, t) G 51x[0,T)} denote the flow surfaces, 
/(So) > cr, and u satisfies equation I11.12\) . then there exists a constant C only 
depends on uq, such that 

(5.3) F-a < Ce^(^*^* Vt G [0, T*), < T* < T. 

Proof We still consider the function F = e"-^*(F - cr) in x [0,T*), < F* < T 
where A chosen in the same way as before, then by Lemma 15.11 we have 
OF 

— -F'JV,jF<0 inl^x [0,r*). 

Now we apply maximum principle and conclude that F achieves its maximum at 
the parabolic boundary. By Theorem 13.11 we know that F = cr on dil x (0,T), 
therefore let C = max^gj^F(I]o(a;)) — cr, we get ()5.3p . □ 

Remark 5.3. From CoroUarv 15.21 we can see that for any fixed < F* < F, there 
exists a constant C only depends on initial surface Sq and F*, such that for any 
< t < F, we have F < C. 
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6. Gradient estimates 

In this section we shall show that for t e (0, T) an upward unit normal of a 
solution tends to a fixed asymptotic angle with our axis Cn+i on approach to the 
boundary. Combining this with following results gives us a global gradient bound 
for the solution. 

The following lemma is similar to Theorem 3.1 of |GS10) . 

Lemma 6.1. Let I](t) = {{x, u{x, t)) : {x, t) G fir} be the flow surfaces with u{x, t) 
is an admissible solution of equation I11.19\) . Then for e > sufficiently small, 



(6.1) < ^'-^ondn X (0,T), 

u ri rf 

where ri is the maximal radius of exterior tangent sphere to dfl. Moreover, when 

< t < T we have — > cr on dil as e — > 0. 

Proof. Wc first assume ri < oo. Let denote the vertical e-lift of boundary F, for 
a fixed point ccg G F*^, let ei be the outward unit normal vector to F' at Xq. Let Bi 
be a ball in of radius i?i centered at a ~ {xq + tiGi, Ri<t) where Ri satisfies 

Rl ^ rl + {Ria - e)\ 

Note that Bi n P{e) = {x E M"+^|a-„+i ~ e} is an n-ball of radius ri, which 
externally tangent to F^. By Lemma 3.3 of |LX10| . we know that Bi n Y,{t) ~ 0, 
for any t G [0, T) hence at xq, we have 

Rl 

By an easy computation we can get 

^2 

Rl > 



^il-a^)ri + il + a)e 
thus equation (|6.ip is proved. If ri = oo, then in the above argument one can 
replace ri by any r > and then let r — >■ cxj. 
Applying Theorem 13.11 similarly we derive 



Vl - e(l-(T) (J 



n+l 

< on dn X (0, T) 



r2 r^ 

where r2 is the radius of the largest interior tangent sphere to 917. □ 

Proposition 6.2. Let'E{t) be the flow surfaces, where T,{t) = {{x,u{x,t)) : {x,t) S 
fix} and u{x,t) satisfies the AMGCF equation I11.19\) . Then 

/« ON 1 ^ / maxnr u 1 
6.Z — —r < max < , max — -r 

^ ' + l ~ \ U dO.T 

where fir = ^ x [0,T). 

Proof. Let h = uw and suppose that h obtains its maximum at an interior point 
{xo,to), then at this point we have 

dih = {Ski + UkUi + uuki) — = 0, for\fO < i < n. 

w 
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By Lemma [5TT] we know that T,{to) is strictly locally convex. According to Theorem 
II. H this implies that Vw = at {xo,to), thus the conclusion follows immediately. 

□ 

Now we can apply equation (|2.5p and (|2.6p to prove the following theorem. 

Theorem 6.3. Consider the flow surfaces where T,(t) is supposed to be glob- 

ally a graph: 

S(t) = : {x,t) e nr} 

and u{x, t) satisfies the AMGCF equation I11.19\) . then we have 

, , a - f - a- 

(6.3) < max < — , max 

U I U 

Proof. By equation (|2.3p . (|2.5I) and let gij — u^Sij 
^1 1 ~ 1 ,., 

(6.4) = + ^-g^'ukuig,, 

( ^ 1^"+^ . \ 1 .fc. 



hence, 



1 ,,"+1 ('7/"+l'|2 1 

,,n+l (,,n+l\2 1 (.,n+l\2 

(6.5) ) 

,,n+l 1 ^ 

u u ^ — ' 

Moreover, 

(6.6) V,, = v^'+^V,,- + -V,jz."+i - —~g'''uk{v^+^)ih3- 

We recall the identities in 

(6.7) = -/i.,,9^'=Mfe 

(6.8) V,jz."+i = -5'' (j^"+^/i.z/ife, + ui\JuK) ■ 
By equation (|6.5p . (|6.6I) and (|6.8p we see that 

u 

r7/"+ll2 ;/"+! 1 r 

= '-F + V ./fc + -F'^' -.9'''(i^"+'/i.//ifc, + UiVfc/i,,) 

u u ^-^ u L 
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As a hypersurface in M"+^, it follows from equation p.4p that for any < i < T, 
S(<) satisfies 

(6.10) / {UKI + ■■■ ,UKn + 1^"+^) = F 
or cquivalcntly, 

(6.11) F (^[ug'^hr + >^"+'Ssr}) = F 
Differentiating equation (|6.1ip and using g'^'' = ^ we obtain 

(6.12) F,^^F~ V h + -F-V./... + (z."+i),^ V /,. 



Combining lemma W?^ and equation (|6.12p we derive 

L 

-Ut 



1 7/"+^ 

-{-r^[[F-a)uVu,]^-^u, 

tiUj g ■'UiUj 



(6-13) = -u^ f - ^z."+i V A + iF^*V./i., + (^."+1). V /, 



g ■'uiUj 

u u 

|2 |Y7„,|2 



u 

Finally wc get 



dt u 



,n+l\2 ,,n+l 



u u ^ — ' u 

- ^>"-). E h - ^(IV.P + 1) + ^^F - ^ E 
— ' u u u ^ — ' 

M ii It 

n+l\2 1 

Z 7/ 



-F- 



u u '■ — ' u 

n + 1 



II II II ^ — ^ 



u u 
By a simple computation we have 
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Therefore, 



d 

dt 



a{F — a) av 



n+l 



a \ ^ 1 

^ - - E + 



(6.16) 



u u ^-^ 

n+l ^ ^2 



where we apphed inequahty ^ /fc^^fc ^ '^TTT ' "'^^ ^^~m — achieves its maximum at an 
interior point (xo,<o)7 then at this point we have 

V ,,n+l 



U 

when F >(Tj2fk 
when F <c7j2fk 



[F-a) Y.fk [F-o) 



(F -a) / a 
< ^ (3- 



ri+l 



{F -a) ( a 
< (2- 



Thus by Lemma ISTTl we have when < ^ at (xo,to)j 



leads to a contradiction. 

Therefore we conclude that 



< max < 



U \ U dU 



- , max ■ 



□ 



Combining Lemma 16.11 Proposition 16.21 and Theorem l6.3l gives 



Corollary 6.4. For any e > sufficiently small, any admissible solution u'^ of the 
Dirichlet problem hi. 19]) satisfies the a priori estimates 

(6.18) \Vu''\<CmTtT, 

where C is independent of e and T. 
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(7.1) 



7. BOUNDARY ESTIMATES 

In this section, we will establish boundary estimates for second order spatial 
derivatives of the admissible solutions to the Dirichlet problem p.l9p . Following 
the notations in subsection 12 . 2 1 we can rewrite equation (|1.19p as follows: 

— ut - F ( + uf'^Ukn''^)] ^ -a on {It, 

uw \w / 

u{x, 0) = Uq on X {0}, 

u{x,t) = e ondnx [0,T). 

And from now on we denote 

(7.2) G(D^u,Du,u,ut) = —Ut- F. 

uw 

Theorem 7.1. Suppose f satisfies equation lll.3\) - [T7^) . If e is sufficiently small, 

(7.3) u\D'^u\ <C ondQx [0, T), 
where C is independent of e. 

Remark 7.2. The following proof shows that C does not depend on e, but depends 
on r. In section |8] we will show that in fact C is also independent of T. 

Note that 

(7.4) G''^' := ^ ^ 

duki w 

(7.5) G'''uki=-F+-yF'\ 

Gu.= ^^ \ut - -F'^f'^ukil'' 

ou ww^ w 

(7.6) =-i^-F-f^-^<5., 

u \ u uw 



2F a 1 V- 

= — + - + — y F 

U U ^ — ' 

(7.7) G 



u wu 

dG _ 1 
dut uw ' 



dG 



ou. 



(7.8) 



uw^ w"^ w \ \ + w J w"^ 

[F-o] u. 2 ^,„. f wukY^ +wn'"'\ 2 

^ + —F + -F'^a,k — - -^F'^ua' 

w'^ w \ I + w J w'' 
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Thus 

— 1 2 ■ ■ 2 

And similar to equation (5.4) in |GS08) we have 
(7.10) ^|G"'| < C(^F" + F). 

Next, we consider the partial linearized operator of G at u: 
L = G'dt + G'''-dkdi + G'ds. 
By equation (TTSll .dTn) and ([7^ we get 

1 1 — 1 2 2 

= — ut - F + - V + ^cr + -^F'^a,kUkUj ^F'^muj 

(J uw w ^ — ' w w 



1 1 2 2 

= + - > F" + -^F'^a.kUkUj :rF'^UiUj, 



hence 

l(-]= -\lu + ^G^^UkUi 



U I V? V? 



(7.12) 



TT^cr -— V F" —F'^a.kUkUj 



^ 2 2 

= ^ ^ cr 7 F" —F^^aikUkUj. 

Lemma 7.3. Suppose that f satisfies equation U.S\) . |J.7| j and T/ien 

(7.13) i f 1 - -U y P"' nr. 



wu'- 

Proof. Since {F*^} and {oij} are both positive definite and can be diagonalized 
simultaneously, we see that 

(7.14) F'^^fcCfcO > 0, G M". 

Combining with equation (|7.12p 

Lll-i]^-eL(i 



u/ \u 

(7.15) = -Zl^a + ^ V F" + 4^F'^a,fcMfc7x, 
> ^) > g(l - ^) 

□ 

Now we denote £ = G*at + G^^dkdi + G^a, + G„, similar to |CNS84| we have 
Lemma 7.4. Suppose that f satisfies equation U.S\) . (F^, |J.7| ) and (OT^). T/ien 

(7.16) £{xiUj — XjUi) = 0, £(ui) = 0, I < i, j < n. 
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Proof of Theorem ]?. 1\ Consider an arbitrary point on dQ, which we may assume 
to be the origin of R" and choose the coordinates so that the positive Xn axis is 
the interior normal to dQ at the origin. There exists a uniform constant ?■ > such 
that dil n Br{0) can be represented as a graph 

Xn=p{x')^^ ^ BapXaXfS + 0{\x'\^), x' = {xi , ■ ■ ■ , Xn-l) ■ 
a,l3<n 

Since u = e, on dfl x [0,T), i.e., u{x' , p{x')) = e for Vi G [0,7), at the origin we 
have 

Ua + UnBapXp — 0, u^p + UnPap = 0, Vi G [0, T) and a, /? < n. 
Consequently, 

(7.17) \uaf}{Q,t)\<C\Du{{),t)l V< e [0, T) and a, /3 < n, 

where C depends only on the maximal (Euclidean principal) curvature of d^. Fol- 
lowing [CNS84| let Ta — da + S/3<ri Bap[x[idn — Xndp), then for fixed a < n, we 
have 

(7.18) \Tau\ < Ci\x\'^ , on {9f7nS,(0)} X [0,T), 

(7.19) \Tau\ < Ci, in {nnBeiO)} x [0,T), 
where Ci is independent of e and T. Moreover by Lemma 17.41 

(7.20) &TaU = 0. 
Therefore 

|L(T„u)| = |£(r„u) - G„r„u| 
= \GuT^u\ < Ci\Gu\ 

(7.21) ^ C, 



<^{J2f- + f) 



<9iy^F'' m{nnBM}x\0,T). 
u ^-^ 

Note that the last inequality comes from equation p.lip . Corollarv l5.2l and Remark 
15.31 Hence Ci is some constant only depending on T. By equation (|7.4I) , (|7.10p and 
Lemma 2.1 in [GS08] 

\L(\x\^)\ = \G^'dudi{\x\^) + G'd,{\x\'')\ 

(7.22) -|2^G^^+2^x,G^| 

<G3(M^i^"+e|G,|) <G3U^F" in n B,(0)} x [0,r), 

for the same reason as before we know that G3 only depends on T as well. 
Now consider function 

^ = a{i-^ +B\x\^±T^u. 
First choose B > then we have $ > on {3(0 n B^)} x [0, T). 
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Next consider $ on {il n Bs{0)) x {0}, where (5 > e > is small enough. By 
using Taylor's theorem we have 

e 



$ = A 1 - 



uo 



> A I 



> 



aiXn 



B\x\'±Ta,uo 

+ B\x\^ - biXn - b2\x\^ 



Aai 



-bi]Xn + {B~b2)\x\', 



1 + ai 

where uq > e + aiXm \TaUQ\ < biXn + b2\x\'^ in n Bs(0) and 01,61,62 > 0. 
(The reason of the existence of ai can be found in section 3 of [LXlOj while the 
existence of 6;, z = 1, 2 is trivial. ) Hence we conclude that when A > and 
B > max{^,62}, $ > on {8(^0 B,{0)) x [0,T)} D {{n D B,{0)) x {0}}. 
Moreover, by ([LTT|) . ((7:^ . ((7:^ and Lemma O 



(7.23) 



L(<I>) = AL [1 - -j + BL{\x\^) ± L{Tau) 

Ae{l - a) C2 

> C3BU . 

u^w u 



Choosing A > such that L$ > in {fi n B^} x [0, T), which implies that 

$ > in {f] n BJ X [0,T). Since $(0,t) 0, wc have $„(0,t) > 0, for any fixed 
t e [0,T). Thus 

(7.24) A (-^u„) ± (T,u)„ 

which implies, for any fixed t E [0,r), 



> 



(7.25) 



\Uan{0,t)\ < 



Au„{0,t) 



u{0,t) 

Since when t = 0, u„„(0,0) is given we only care about the case when t > 0. 
By Theorem 13. 1[ we know that F = a, on x (0,r). Therefore we can establish 
\unniO,t)\, yt E (0,r) in the same way as |GSZ09| . For completeness we include 
the argument here. 

For a fixed t e (0,T), we may assume (^0^(0, i))]^^^, to be diagonal. Then 
at the point (0, t) 

' 1 + uun ••• ^ 
1 + UU22 ••• ^ 



A[u] 



1 



By lemma 1.2 in jCNS85j . if eu„„(0,t) is very large, the eigenvalues Ai, • • • , A„ 
of A[u] are given by 



(7.26) 



Aq = — (1 + euaa{0, t)) + 0(1), a < n 
w 



t) 
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If eunn > R where i? is a uniform constant, then by (jl.Sp . (|1.9p and Lemma IHTTl we 
have 

a = -F{wA[u])iO, t)>{a- Ce) f 1 + ^) > a 
which is a contradiction. Therefore 

R 

\Unn{0,t)\ < - 

and the proof is completed. □ 

8. GLOBAL ESTIMATES 

Let S(i) = {{x,u{x,t)) \ X e n,t e [0,T)} be the flow surfaces in ]HI"+i where 
u(x,t) satisfies ut = uw{F — a). For a fixed point xo G S(to), < io < T we 
choose a local orthonormal frame ri, • • • ,t„ around xq such that /lij(xo) = Kidij, 
where ki, • • • ,k„ are the hyperbolic principal curvature of I](to) at xq. The cal- 
culations below are done at xq. In this section, for convenience we shall write 
Vij = ^ijV, hijk = Vfc%, h^jki = ^ikhij, etc. 

Theorem 8.1. Let S](i) = {{x,u{x,t)) \ x £ il,t ^ [0,T)} be the flow surfaces in 
jjn+i ^/jgj-g u{x,t) satisfies AMGCF equation m.l9\) and 

> 2a > on T.{t), Vt G [0,r). 

For X € /et Kmax(x) be the largest principal curvature of T,{t) at x. Then 



5.1) max — — < max < — , max 



a 

where nr ^ ^ x [Q,T). 



Since the proof of this Theorem is very complicated, we shall divide it into several 
parts. 

To begin with, we denote 
(8.2) Mo = rnax 



Without loss of generality we may assume A/q > is attained at an interior point 
Xq G S(to), to G (0,r). Wc may also assume ki ~ Kmax(xo). Thus we say at xq, 
,.J+i_ „ achieves its local maximum. Hence, 



(8-3) ^ - = 0, 







hii 


v^+'^ - a 


hiiii 




hii 


- a 



(8.4) <o 

Lemma 8.2. At xq G i;(to), e (0,7), 

4/iii - ViiF - (F - (7)a^2 + niiy^+\F ~ a) 

(8.5) 

^-^iF-a) + iF- a)(u-+y 2{F a). 



CURVATURE FLOW IN HYPERBOLIC SPACE 23 



Proof. By Lemma l4l3l equation (|4.7p and gij ~ u^Sij we have, 



5 , 1 . , ,^ .TkT 1 /ill 



-/in = -{Vii[(f^ - - u{F ~ C7)h1hki} - —w{F - a) 
(8.6) u u 

- - a)]few^ - ^ hn - 2{F - a). 



Recall equation p.6p we get 

VniiF - a)u] = Vii[(i^ - a)u] - - {2ui[{F - a)ul - u''[{F - a)u]kU^} 

u ^ ' 
2 

= mVuF + (i^ - cr)Viiu + 2FiUi - - {uuii^i + u\(F - a)) + uu\{F - a)u\k 
inserting this into ()8.6p 



1-/111 = - (wViiF + (F - a)Viiti - ^"'^^ + - a)u\uu 



at u y u 

~iF~ aYhlkki - —w{F -a)- - 
u 

(8.7) -^(^-;)-""^/.ii-2(F-a) 

= ViiF I i^Vii. - ^"^(y-) - (F - .)/.^/. 
-^^F-a)-^(^--)-""^/.ii-2(F-.). 



Note that, 



fci 



Viiu = Viiu H ^ - mIVuP, 

u 



— ft-ii — v , 

u 
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So we have. 



ot u 
2u 



u 



h{F -<7)-{F- <j){hn - - {hn - v''+^)w{F - a) 

a- 

- 2{F - a)i'"+\hn - 1^"+^) - 2{F - a) 
= \/nF + {F- <7)i^"+\hn - 1^"+') - {F ~ a){l - 
(8.8) -iP- - 2hnt^"+' + (1^"+')') - {hn - ,^"+^)w{F - a) 

~ 2{F - <t)!/"+1(/iii - 1^"+^) - 2{F ~ a) 
= Viii^ - (F - cr) - (F - a)K\ + 2Kii^"+i(F - a) 



,n+l 



iF-a) + {F-a)-{F- ay+'im - iy"+') - 2{F - a) 



ViiF - (F - cj)Ki + n,u''+'{F -a)- -^{F - a 



+ {F -a){i'''+'y -2{F -a). 



proof of Theorem \8.1\ Now we denote ip = , where z/"+^ > 2a > on 

Then at xq G S(to), we have 



(8.9) Vj</3 



n+l 
i 

"+1 - a (zy"+i - a) 



^•10 ^"'^ = T^ITi ^2 - 0- 

jyri+i „ Q — a)^ 

Using Lemma [82] and equation (|4.4p in Lemma |4?2] we get 

a All /iiiz>"+i 



- a - a)2 



(8.11) 



+K,v-+\F -a)--^{F-a) + {F- a){v-+'Y 2{F a)} 



By equation ((^ and (HlHl) 
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we obtain 

u ^-^ 

What's more, by the Codazzi and Gauss equations we have 

hail — hllii ~ {KiKl — l){Ki — Kl) ~ K^Kl — KiK^ — Ki + Kl, 

multiplying by and sum over i, 

(8.12) y ^"('^-11 - ^^11-) = «i E -^F-F + KiY^ U 

Finally we get 

1^ - F^^VuV = {-1 E Z^'*? - - 

+ E + F''''""h,,ihrsi -{F- a)K\ + Kii."+i(F - a) 

~^(F -o) + [F- aW^^f - 2(F - a)} 

= ^;^^+^ { " ^ ^ " ^ ~ " 1 ^ " ^ + " ^ S 

^^■^^^ + F'^'^^'h^jihrsi -{F- a)K\ + Kil^"+1(F - cr) 

-^(F -o) + [F- o){v-^^f - 2(J^ - a)} 

(i^»+i-a)^| y u u ^-"y 

+^E^"-^-r^}' 

where we have used equation (|6.12p . Hence at xq G S(to) we have 

< KiU>^\ -kIF-F + KiY, h + F'^'-^'h^jihrsl 

-{F- o)k\ + Kiv-^\F -a)- -^{F - a) 
(8.14) -)(-"^')' - - + ^71^ {|V«P^ 

+K-^^rE/^]+^E^""'-^'}' 
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which implies 



1 _L ,'j^ri+n2\ 



(8-15) +(^'^i-^^j(E/^ + E/^'^?) + ^7^E/^5(^ 

Next we use an inequality due to Andrews |A94j and Gerhardt |G96j which states 
(8.16) -F''^'''h,j,hkii >2j2^^^hl,. 

Meanwhile at Xq S 5](to), we obtain from equation (j6.7p and (|8.9p 



_ ^1 "'^,n+l 

Inserting into (|8.16l) we derive 



(8.17) /iiH-W -{iy''-^~K, 



i>2 



Moreover we may write 

(8.19) E ^» + E = (1 - (^"^')') E + E('^» - '^"^')'/^ + 2^^^"^'- 

Combining equation (|8.15p . (|8.18p and (|8.19p gives 



1 1 — ('7y"+i~|2 ' 



Note that (assuming k\ > ^) all terms on the right hand side are negative except 
possibly the ones in the sum involving (z/"+^ — ki) and only if Hi < 
Therefore define 

J = {z : -0Ki <K,- < 0, /, < e-'h} , 

L^{i: -Oki <k,- < 0, /, > e-^h] , 
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where 9 G (0, 1) is to be chosen later. We get 



5.21) 



iel 

- - a ' 
iei 



(8.22) <A^i/i. 
Finally 



< 



_ ^)2 (1 + ^ ' ' 



^•23) -^YToJi?^^^^^-''^ ^^^^ 



1 



2k- -2 



^ ' ieL 

In deriving the last inequality in (|8.23p we have used that > for each i. Now 
fix 9 so that a^, so we get the right hand side of (|8.20p is strictly negative 

when provided ki > which complete the proof. □ 

Let us assume that the flow exists in [0, T) with < T < oo such that the norm 
of v?'{t)yt € [0,T) is uniformly bounded in C'^{Vl). Due to the concavity of F, 
we can apply the Evans-Krylov theorem [CC95j to get uniform C2+"(ri) estimates 
which in turn will lead to C2+"'^~(rj x (0,T)) estimates. And the long time 
existence follows by proving a priori estimates in any compact time interval for the 
corresponding norms. 

In order to prove equation (|1.16p in Theorem 1 1.21 according to Theorem l8.ll . we 
only need to find a uniform bound C which is independent of T for M|£)2y| ^j^g 
boundary d^l x [0, oo). 
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Following Lemma 3.4 in [LXIO], we obtain that, for any fixed x ^ fie ■— {x 
Ti,d{x,dn) < e}, 



u{x,t) -u{x,0) < uw{F ~a)dt:^u{x,t*) I w{F~a)dt<Ce, 
Jq Jo 

which implies that, 

POO 

/ w{F - (T)dt < C mUe. 
Jo 

Therefore, by Lemma 15.11 and Corollary 16.41 we conclude that when < e < eoj 
there exists a i such that for any t > i, we have < F — a < 6 in il^, where i 
only depends on S. Combining with Theorem 17.11 and Theorem 18.11 gives a uniform 
bound for u\D'^u\. 

9. Convergence to a stationary solution 

Let us go back to our original problem (|1.13p . which is a scalar parabolic differ- 
ential equation defined on the cylinder fix ~ x [0,T) with initial value u{0) ~ 
uq € C°°{Q,) n C^(il) and uo\dn = 0. In view of the a priori estimates, which we 
have estimated in the preceding sections, we know that 

(9.1) u\D^u\ < C, 



(9.2) y/lT\D^ < C, 
and hence 

(9.3) F is uniformly elliptic in u. 

Moreover, since F is concave, we have uniform C^+"(i7) estimates for u'^{t), Vt > 0. 
Thus the flow exists for all t <E [0, oo). 

By integrating equation (|1.12|) with respect to t, we get 

(9.4) u{x,t*) -u{x,0) = [ {F-a)uwdt. 

Jo 

In particular, 
(9.5) 



/>oo 

/ {F — a)uwdt < oo V.T G O. 

"'0 



Hence for any x e 17 there exists a sequence t^. — > oo such that {F — a)u{x, 1^) — > 0. 

On the other hand, u{x, •) is monotone increasing and bounded (see Lemma 3.3 
of |LX10j ). Therefore 

(9.6) lim u{x,t) = u{x) 

t—^oo 

exists, and is of class C°°{il) O C^{fl). Moreover, u{x) is a stationary solution of 
our problem, i.e., F I S ) = (J, where S = {{x, u{x)) \ x E il} . 
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10. Uniqueness and foliation 
Theorem 10.1. Suppose f satisfies il.3]) - nTd\) . in addition, 

(10.1) 51 > E mKn{0<f< 1}. 

i i 

Let ~ {(x, Ui{x) I X G O}, z = 1, 2, 6e iwo graphs such that 

(10.2) sup/(Ac[Si]) < /(ac[S2]), 

where i = 1,2 are strictly locally convex graphs (oriented up) in H"+"^ over 
n C M" zwif/i f/ie same boundary m i/ie horosphere Pe = {xn+i = e} or with the 
same asymptotic boundary T = dQ. Then there holds 

(10.3) ui > U2, in fl. 
Proof. We first observe that the weaker conclusion 

(10.4) Ml > U2 

is as good as the strict inequality (jl0.3p . in view of the maximum principle. 
Hence prove by contradiction, assume (jl0.4p is not valid, in another word, 

(10.5) E{u2) = {xen: U2ix) > mix)} ^ 0. 
Then there exists point pi G such that 

< do = d{T,i,T,2) ^ d{pi,p2) ^ swp{ inf d(p, q) : (p, g) e Si x E2}, 

pgSi 9eS2n/+(Si) 

where d is the distance function in R"+^, and /+(I]i) = {(a;, Xn+i) '■ a;"+^ > ui{x)}. 

Let X be the maximal geodesic from Ei to S2 realizing this distance with end 
point pi and p2 , and parametrized by arc length. Denote by d the distance function 
to El, 

d{q) = inf d{p,q). 

Since x is maximal, T = {x(0 : < t < da} contains no focal points of Ei, 
hence there exists an open neighborhood il = il(T) such that d is smooth in il, 
and il is a tubular neighborhood of Ei, and hence covered by an associated normal 
Gaussian coordinates system (x") satisfying = d in {a;"+^ > 0}. 

Now El is the level set {d = 0, } and the level set 

E(s) ^{xeiX-.d^s} 

are smooth hypersurfaces. Since the principle curvatures of E(i) at points along 
the normal geodesic emanating from any point of E2 (say near P2) are given by ode 

hence by (|10.ip we have 

(10.6) ^fi^^M = ^\!^ - 5] /. < in n {0 < / < 1}. 
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Next, in the same way, we consider a tubular neighborhood of E2 with corre- 
sponding normal Gaussian coordinates (a;"). The lever sets 

S(r) = {a;"+^ = r}, -e < r < 0, 

lies below S2 = ^(0) and are smooth for small e. 

Since the geodesic x is perpendicular to S2, it's also perpendicular to and 
the length of the geodesic segment of x is — r. Hence we deduce 

d(Ei,S(r)) =do + r. 

Further more, for fixed r, the hypersurface touches S((io + r) at Pr — xid-o +'') 
from below. The maximum principle then implies 

f\t(r)iPr) < f\s{do+r){Pr) 

On the other hand, S2(?') converges to S2 It follows from (|10.6p that 
/(«[E2])(x(do)) < /(Acpi])(x(0)). 
It's a contradiction to ()10.2p . □ 
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